We define and study a holographic dual to the topological twist of N = 4 gauge theories on Riemannian three-manifolds. The gravity duals are solutions to four-dimensional N = 4 gauged supergravity, where the three-manifold arises as a conformal boundary. Following our previous work, we show that the renormalized gravitational free energy of such solutions is independent of the boundary three-metric, as required for a topological theory. We then go further, analyzing the geometry of supersymmetric bulk solutions. Remarkably, we are able to show that the gravitational free energy of any smooth four-manifold filling of any three-manifold is always zero. Aided by this analysis, we prove a similar result for topological AdS 5 /CFT 4 . We comment on the implications of these results for the large N limits of topologically twisted gauge theories in three and four dimensions, including the ABJM theory and N = 4 SU(N) super-Yang-Mills, respectively.
Introduction and outline
The AdS/CFT correspondence conjectures an equivalence between certain quantum field theories (QFTs) and quantum gravity with appropriate boundary conditions [1] [2] [3] . In [4] we proposed to formulate a "topological" version of AdS/CFT, where the boundary theory is a topological QFT (TQFT). In the dual gravity description this amounts to studying a more specific class of boundary conditions, which induce a Witten-type topological twist [5] of the dual QFT on the conformal boundary. Such TQFTs typically have a finite number of degrees of freedom, and in some instances can be solved completely. 1 Of course these theories are often also of independent mathematical interest, since observables are topological/diffeomorphism invariants.
A key motivation for studying AdS/CFT in this set up is that the field theory is potentially under complete control: observables are mathematically well-defined and exactly computable. One can then focus on the dual gravitational description. In principle this is defined by a quantum gravity path integral, with boundary conditions determined by the observable one is computing. However, we have no precise definition of this, and in practice an appropriate strong coupling (usually large rank N) limit of the QFT is described by supergravity. This classical limit is to be understood as a saddle point approximation to the quantum gravity path integral, where one instead finds classical solutions to supergravity with the appropriate boundary conditions. But in general even this is quite poorly understood: which saddle point solutions should be included? For example, in addition to smooth real solutions, should one allow for certain types of singular and/or complex solutions, e.g. as in [7] [8] [9] ? When the dual theory is a TQFT in principle all observables are exactly computable in field theory, for many classes of theories defined on different conformal boundary manifolds. The AdS/CFT correspondence can then potentially help to clarify the answers to some of these questions, since the semi-classical gravity result must match the TQFT description.
Of course, one is tempted to push this line of argument further and speculate that this is a promising setting in which to try to formulate a topological form of quantum gravity on the AdS side of the correspondence. Such a theory should be completely equivalent to the dual TQFT description. At present this looks challenging, to say the least, but there is an analogous construction in topological string theory. Here U(N) Chern-Simons gauge theory (a Schwarz-type TQFT) on a three-manifold M 3 is equivalent to open topological strings on T * M 3 [10] . There is a large N duality relating this to a dual closed topological string description. For example, for M 3 = S 3 the closed strings propagate on the resolved conifold background, with N units of flux through the S 2 [11] . Here both sides are under computational control, and relate a TQFT to a topological sector of quantum gravity (string theory). This duality shares many features with AdS/CFT, 2 and might hint at how to attack the above problem.
In [4] we began much more modestly, setting up the basic problem in N = 4 gauged supergravity in five dimensions. With appropriate boundary conditions this defines the Donaldson-Witten topological twist of the dual N = 2 theory on the conformal boundary four-manifold, and we focused on the simplest observable, namely the partition function. Under AdS/CFT in the supergravity limit, minus the logarithm of the partition function is identified with the holographically renormalized supergravity action. We refer to this as the gravitational free energy in this paper, and the main result of [4] was to show that this is indeed a topological invariant, i.e. it is invariant under arbitrary deformations of the boundary four-metric. The computation, although in principle straightforward, was technically surprisingly involved. Since fourmanifolds are also notoriously difficult, in this paper we set up an analogous problem in one dimension lower. The relevant bulk supergravity theory is a Euclidean version of N = 4 SO(4) gauged supergravity in four dimensions. As well as the metric, the bosonic content of the theory contains two scalar fields and two SU(2) gauge fields.
Here Spin(4) = SU(2) + × SU(2) − is the spin double cover of SO (4) , and the fermions transform in the fundamental 4 representation of this R-symmetry group. The topological twist in particular identifies the boundary value of one of these two SU(2) R-symmetry gauge fields with the spin connection of the conformal boundary threemanifold (M 3 , g). There is then a consistent truncation in which the other SU(2) gauge field is identically zero in the bulk. Such Witten-type twists of N = 4 gauge theories in three dimensions have been studied in [12] . In the first part of the paper we establish an analogous result to that in [4] , namely that the gravitational free energy of such solutions is indeed invariant under arbitrary deformations of the boundary three-metric on (M 3 , g).
We next analyse in more detail the geometry of supersymmetric solutions to the four-dimensional bulk supergravity theory. This geometry is characterized by what we call a twisted identity structure. In an open set where the bulk spinor is non-chiral and the SU(2) R-symmetry gauge bundle is trivialized, the spinor defines a canonical orthonormal frame {E a } a=1,...,4 . However, {E I } I=1,2,3 rotate as the vector 3 under the SU(2) gauge group, while E 4 is invariant, so that globally this frame is twisted by the R-symmetry bundle. We show that a supersymmetric solution to the bulk supergravity equations equivalently satisfies a certain first order differential system for this twisted identity structure. Using these equations, remarkably we are able to show that the bulk on-shell action is always a total derivative. By carefully analysing the global structure of the canonical twisted frame, and how this behaves where the bulk spinor becomes chiral or zero, this is shown to be globally a total derivative for any smooth solution.
This is true on any four-manifold Y 4 that fills any three-manifold boundary M 3 = ∂Y 4 . Moreover, on applying Stokes' theorem the bulk integral then always precisely cancels the boundary terms (including the holographic counterterms) in the action, with the net result being that the gravitational free energy of any smooth solution is zero! Aided by this analysis, we return to the topological AdS 5 /CFT 4 set up of [4] , and prove a precisely analogous result. Of course, here not every four-manifold bounds a smooth five-manifold.
At first sight these results are somewhat disappointing: the classical free energy is zero for smooth fillings, irrespective of their topology. Zero is a topological invariant, and not a very interesting one. However, if one believes that smooth real saddle points are the dominant saddle points in gravity, this is then a robust prediction for the large N limits of various classes of topologically twisted SCFTs, in both three and four dimensions. For example, since N = 4 gauged supergravity in four dimensions [13] is a consistent truncation of eleven-dimensional supergravity on
as we discuss later in the paper this leads to a prediction for the large N limit of the partition function of the topologically twisted ABJM theory, on any three-manifold M 3 .
On the other hand, with the exception of the SU(N) Vafa-Witten partition function on M 4 = K3 discussed in section 8, to date none of these large N limits have been computed in field theory: such computations now become very pressing! It might be that these match our supergravity results for smooth solutions, but if not then one necessarily has to consider more general saddle points, allowing e.g. for appropriate singularities and/or complex saddle points. Notice that although our computation of the classical gravitational free energy will in general break down for such solutions, the result that this quantity is independent of boundary metric deformations is a priori a more general result. We have also so far only focused on the partition function, while in principle one should also be able to compute topological correlation functions using similar holographic methods. We leave a fuller discussion of some of these issues to section 8.
The outline of the paper is as follows. First, in section 2 we review the topological twists of three-dimensional supersymmetric field theories, as they are perhaps less well known than their four-dimensional relatives, and discuss the gravity dual to the ABJM theory. In section 3 we introduce the relevant four-dimensional N = 4 Euclidean gauged supergravity. Surprisingly the supersymmetry transformations of this theory, as formulated in [14] , do not appear in the literature, and we hence first fill this gap. After holographically renormalizing the action, in section 4 we identify the conformal boundary Killing spinor equations which admit a topological twist as a particular solution on any oriented Riemannian three-manifold (M 3 , g). The bulk spinor equations are then expanded in a Fefferman-Graham-like expansion. In section 5 we prove that the gravitational free energy is independent of the metric g on M 3 , following a similar computation in [4] . In section 6 we show that a supersymmetric solution to the bulk equations of motion equivalently satisfies a first order differential system of equations for the twisted identity structure described above. Using this we prove that the gravitational free energy of any smooth real solution is zero. In section 7 we return to the AdS 5 /CFT 4 correspondence in [4] , and prove an analogous result. We conclude in section 8 with a more detailed discussion of some of the issues mentioned above.
3d TQFTS and topological twists
We begin in section 2.1 by reviewing topological twists of three-dimensional supersymmetric QFTs. In section 2.2 we focus on the ABJM theory, its gravity dual, and the consistent truncation of eleven-dimensional supergravity on S 7 /Z k to four-dimensional N = 4 gauged supergravity.
Twisting N = 4 theories
One perspective on the topological twist is that it involves a modification of the global symmetry group of the theory, obtained by combining the spacetime symmetries with the R-symmetry of the theory. Concretely, one looks for group products such that a supercharge would transform as a singlet under an appropriate diagonal subgroup. In three dimensions every orientable manifold is spin. 3 Therefore, the frame bundle of any orientable three-manifold may be lifted to a Spin(3) ∼ = SU(2) E , which constitutes the (Euclidean) spacetime symmetry.
On the other hand, the R-symmetry group of a three-dimensional field theory with N supersymmetries is Spin(N ) R . The minimal amount of supersymmetry required for a twist is N = 4: in the N = 3 case the supercharges transform as (2, 3) under SU(2) E × Spin(3) R , and in the tensor product there is no singlet 2 ⊗ 3 = 2 ⊕ 4. The R-symmetry group of N = 4 theories is Spin(4) R = SU(2) + × SU(2) − , and the supercharges transform as doublets under each of the two factors. The N = 4 multiplets are vector multiplets and hypermultiplets. The vector multiplet contains the gauge connection A , a gaugino λ and three real scalars φ = (φ 1 , φ 2 , φ 3 ), respectively transforming under SU(2) E × SU(2) + × SU(2) − as (3, 1, 1), (2, 2, 2) and (1, 3, 1).
The hypermultiplet contains two complex scalars q and two spinors ψ, each forming R-symmetry doublets, that is, transforming as (1, 1, 2) and (2, 2, 1). There is an outer automorphism of the superalgebra exchanging SU(2) + and SU(2) − . Under this automorphism, a vector multiplet is taken to a twisted vector multiplet, whose scalars transform as (1, 1, 3) , and a hypermultiplet is taken to a twisted hypermultiplet, whose scalars and spinors form doublets, respectively, of SU(2) + and SU(2) − . The field components of the twisted multiplets will be denoted by a tilde.
One may twist using either SU(2) + or SU(2) − , obtaining generically inequivalent TQFTs. The inequivalence of the two twists is not immediate from the supercharges: they transform as (2, 2, 2) under SU(2) E × SU(2) + × SU(2) − , so taking diagonal combinations of SU(2) E with either factors of the R-symmetry group leads to (1, 2) ⊕ (3, 2). Nevertheless, the twisted fields transform differently in the two twists, as can be seen from the scalars. For instance, consider the scalars in a hypermultiplet q: after the two twists, they would transform as (1, 2) 
On the other hand, because of the exchange of SU(2) + and SU(2) − , the scalars in the twisted hypermultiplet transform in the opposite way. The same goes for vector multiplets and twisted vector multiplets: the scalars in a vector multiplet form a triplet under SU(2) + and a singlet under SU(2) − , so they distinguish between the two twists, but the opposite is true of the scalars in the twisted vector multiplet.
In a three-dimensional N = 4 super-Yang-Mills (SYM) theory, with a vector multiplet, the two twists are inequivalent. The first twist may also be recovered by dimensionally reducing the four-dimensional N = 2 Donaldson-Witten twist. The resulting model is sometimes referred to as super-BF or super-IG model, and the partition function reproduces the Casson invariant of the background three-manifold [15] [16] [17] ; and conjecturally, via renormalization group flow, the Rozansky-Witten invariants [18, 19] . The second twist, instead, is intrisically three-dimensional (it is not known to arise from the reduction of any four-dimensional theory) and supposedly provides a mirrorsymmetric description of the Casson invariant [12] . There exists a third topologically twisted three-dimensional SYM theory with two twisted scalar supercharges, which may be obtained by a partial twist of three-dimensional N = 8 SYM, or via dimensional reduction of the half-twist of four-dimensional N = 4 SYM. It is closely related to the Casson model, but differs from it by the matter content [20] .
In three dimensions it is also possible to couple Chern-Simons theory to free hypermultiplets to obtain N = 4 supersymmetries [21] , and twist the resulting theory [22, 23] . As in the previous case, if there are only untwisted or twisted hypermultiplets in the theory the two twists are inequivalent, and usually referred to as an A-twist and B-twist, respectively. However, in a theory with both hypers and twisted hypers, the difference between the two twists amounts to the exchange between the untwisted and twisted matter. Therefore, one may consider a twist by a single factor in Spin(4) R and exchange the "quality" of the hypermultiplets, obtaining the ABmodels. For concreteness, after the twist, an AB-model contains matter transforming
Therefore, the bosonic fields are two scalars and a spinor, whilst the fermionic fields are a scalar, a one-form and two spinors. Chern-Simons-matter theories with N > 4 contain an equal number of untwisted and twisted hypermultiplets, so the symmetry between the A and B twist is automatically implemented.
In this paper we will be particularly interested in topological twists of the ABJM theory [24] (see [25] for twists of the BLG [26] [27] [28] [29] 
models).
5 Classically this theory has M 3 with the same homology groups as S 3 . It was originally defined in terms of the combinatorics of SU (2)-representations of π 1 (M 3 ). However, the Casson invariant naturally generalizes to the Lescop invariant, which is defined on any oriented three-manifold. Moreover, the TQFT Casson model suggests an extension of this invariant to any gauge group G .
5 The BLG models are Chern-Simons-matter theories with manifest N = 8 supersymmetry and concretely describe two M2-branes. On the other hand, ABJM theories, in the UV, are N = 6 U (N ) k × U (N ) −k Chern-Simons-matter theories describing N M2-branes for any N . For k = 1, 2, the supersymmetry is enhanced to N = 8. For certain values of N, k there exist equivalences between the BLG, ABJM and ABJ models [30] [31] [32] [33] . N = 6 supersymmetry, so let us consider topological twists of N = 6 Chern-Simonsmatter theories. Here the R-symmetry group is Spin(6) R ∼ = SU(4), and there are two
In the first case we are viewing SU(4) ∼ = Spin(6) as a double cover of SO(6) −→ SO(3)×SO(3), the latter being the two diagonal 3×3 blocks. In the second case instead the two copies of SU(2) are the two diagonal 2 × 2 blocks in SU(4). Alternatively, projecting to SO(6) the second decomposition is simply SO(6) −→ SO(4) × SO (2), with the obvious 4 + 2 block decomposition, where SU(2) × SU(2) ∼ = Spin(4) is the double cover of SO (4), and U(1) ∼ = SO(2). The supercharges transform in the 6 of SU (4), which decompose under the above as
In the first case it is clear that a twist with SU(2) E does not lead to any scalar supercharge, while for the second twist one reduces to the AB-model [23] .
It is not completely clear what the observables of the topologically twisted ChernSimons-matter theories compute. In [23] it was argued that the A-model is related via the novel Higgs mechanism [34] to the super-BF theory obtained by twisting N = 4 SYM, and thus computes the Casson invariant of the background three-manifold. Similarly, the mathematical content of the observables of the topological models of [22] is also currently unclear.
The group-theoretic point of view on the topological twist considered above is not the only possible viewpoint. One may also describe the topological twist in the context of background rigid supersymmetry. For instance, in four dimensions the conditions for the background geometry to support a supersymmetric field theory have been studied by coupling to a non-dynamical supergravity [35] , and via holography [36] . In the first case it has been shown that the topological twist arises as a particular case where the SU(2) connection corresponding to the gauged R-symmetry cancels part of the spin connection in the Killing spinor equation, thus allowing a scalar supercharge [37, 38] . In the second case it has been shown that the geometric structure of the bulk supergravity solutions reduces at the boundary to a quaternionic Kähler structure, which appears on any orientable Riemannian four-manifold [4] . Three-dimensional field theories with N = 2 have been extensively studied in the context of rigid supersymmetry, both from holography [36, 39] and by coupling to supergravity [40] . However, the same cannot be said for N = 4 theories. As already mentioned, we will find very concretely that the topological twist corresponds to identifying the boundary value of one SU(2) factor of the gauged R-symmetry with the spin connection. This allows us to construct a solution to the Killing spinor equation obtained from three-dimensional N = 4 conformal supergravity, in analogy with the standard approach.
The ABJM theory and its supergravity dual
The AdS/CFT correspondence has been especially influential in the context of threedimensional field theories. In particular the AdS 4 ×S 7 near-horizon geometry describing a stack of N M2-branes provided strong evidence for the existence of a strongly-coupled maximally supersymmetric conformal field theory with N 3/2 degrees of freedom. After initial work by Bagger-Lambert-Gustavsson [26] [27] [28] [29] , the worldvolume theory of N M2-branes probing C 4 /Z k was eventually found ten years ago by Aharony-BergmanJafferis-Maldacena [24] .
The ABJM theory in flat spacetime R 1,2 is conjectured to be holographically dual to M-theory on AdS 4 × S 7 /Z k . In order to study the gravity dual of the field theory defined on different manifolds M 3 in the large N limit, one may consider a consistent truncation of eleven-dimensional supergravity on S 7 , or S 7 /Z k , to an effective fourdimensional bulk supergravity theory. Such a consistent truncation has been found in [14] , where it is shown that any solution to the four-dimensional N = 4 supergravity theory of Das-Fischler-Roček [13] uplifts to an eleven-dimensional solution. In particular this supergravity theory has a Spin(4) ∼ = SU(2) × SU(2) gauged R-symmetry, where the massless gauge fields arise, as usual in Kaluza-Klein reduction, from a corresponding isometry of the internal space. Specifically, the uplifting/reduction ansatz in [14] identifies the SU(2) × SU(2) isometry as acting in the 2 of each factor in 
, and thus exchanges the SU(2) isometries. This symmetry is then inherited by the four-dimensional N = 4 gauged supergravity theory.
According to the holographic dictionary, symmetries of the eleven-dimensional solution correspond to symmetries of the field theory. In particular the SU(2)×SU(2) isometry of the internal space, which becomes a Spin(4) R gauged R-symmetry of the consistently truncated four-dimensional theory, corresponds to the Spin(4) R R-symmetry of the field theory dual. The Z 2 that acts as an outer automorphism, exchanging the group factors in Spin(4) R ⊂ Spin(6) R , is indeed a symmetry of the N = 6 ABJM theory, since the latter has an equal number of untwisted and twisted hypermultiplets, in N = 4 language, and therefore its matter content is symmetric under the exchange of SU(2) + and SU(2) − [41] .
In the rest of the paper we will work entirely within the Das-Fischler-Roček fourdimensional N = 4 gauged supergravity theory. Any solution to this theory, for a bulk asymptotically locally hyperbolic four-manifold Y 4 , automatically uplifts on
give a gravity dual to the ABJM theory defined on the conformal boundary M 3 = ∂Y 4 .
In particular we note that the effective four-dimensional Newton constant is 1 2κ
Holographic supergravity theory
We begin in section 3.1 by defining a real Euclidean section of N = 4 gauged supergravity in four dimensions and determine the fermionic supersymmetry transformations. A Fefferman-Graham expansion of asymptotically locally hyperbolic solutions to this theory is constructed in section 3.2, for arbitrary conformal boundary three-manifold (M 3 , g). Using this, in section 3.3 we holographically renormalize the action.
Euclidean N = 4 gauged supergravity
As outlined so far, holographic duals to three-dimensional SCFTs with a Spin(4) = SU(2) + ×SU(2) − R-symmetry should be solutions of a four-dimensional N = 4 SU(2)× SU(2) gauged supergravity. As discussed in the previous subsection, the Das-FischlerRoček [13] theory has a supersymmetric AdS 4 vacuum and was shown in [14] to be a consistent truncation of eleven-dimensional supergravity on S 7 /Z k .
In Lorentzian signature the bosonic sector of this N = 4 supergravity theory comprises the metric G µν , two real scalars φ, ϕ which together parametrize an SL(2, R) coset, and two triplets of SU (2) 
Here (
Iµν and the Bianchi identities define the SU(2) covariant derivatives
In general, equations (3.3)-(3.7) are complex, and solutions will likewise be complex.
However, note that taking the axion ϕ to be purely imaginary effectively removes all factors of i. Note also that the action and equations of motion are invariant under the Z 2 symmetry:
There is a second Z 2 symmetry, discussed in section 2.2, which corresponds to the field theory outer automorphism exchanging the group factors in Spin(4) R ∼ = SU(2) + × SU(2) − . This second Z 2 symmetry acts on the supergravity fields as X →X,
Whilst not manifest in the action and equations of motion, it can be made so upon rewriting the scalar kinetic terms in (3.2) as 2XXdX
In the Lorentzian theory the fermionic sector contains four gravitini, ψ a µ , and four dilatini, χ a , which together with the spinor parameters ǫ a all transform in the fundamental 4 representation of the Spin(4) global R-symmetry group, which we label by a = 1, . . . , 4. The supersymmetry transformations are not given in [14] and the form of the action is different to that appearing in the original literature [13] ; in particular the parametrization of the scalars and their coupling to the gauge fields is different. We cannot, therefore, simply take the supersymmetry transformations given in [13] . Of course, the two actions represent the same theory but presumably in different symplectic duality frames, and possibly with different gauge fixed SL(2, R) scalar coset representatives. Instead of translating between the different presentations in Lorentzian signature and then Wick rotating to the Euclidean, we have instead derived the conditions for preserving supersymmetry by a different method.
We started with a general ansatz for the gravitino and dilatino variations and then acted on the dilatino with the Dirac operator, adding additional field dependent multiples of the dilatino variation in order to recover a subset of the bosonic equations of motion (3.3)-(3.7). This essentially shows that the dilatino field equation (in a bosonic background) maps to some of the bosonic field equations. Computing the integrability condition on the spinor parameter, which can be rephrased in terms of the free RaritaSchwinger equation for the gravitino, and adding further dilatino variations recovers the remaining bosonic equations of motion. Hence the fermionic field equations map to bosonic ones, i.e. the theory is supersymmetric. At the end of this analysis we find:
10)
Here the gauge covariant derivative acting on the supersymmetry parameter is
and η I ab ,η I ab are respectively the self-dual/anti-self-dual 't Hooft symbols. In addition, Γ µ , µ = 1, . . . , 4, are generators of the Euclidean spacetime Clifford algebra, satisfying {Γ µ , Γ ν } = 2G µν , and we define Γ 5 ≡ −Γ 1234 . Note that the Z 2 symmetry that reverses the signs of g and the two SU(2) gauge fields is also a symmetry of these supersymmetry equations, provided one combines it with Γ µ → −Γ µ .
For the purposes of completeness, we note that the transformations satisfy
and
In deriving these conditions we have not needed to specify the type of spinor we are using. Later, in section 4, we will deal with a truncation of this theory in which one triplet of gauge fields is set to zero and the spinors are taken to be symplectic-Majorana.
Fefferman-Graham expansion
In this section we determine the Fefferman-Graham expansion [42] of asymptotically locally hyperbolic solutions to this Euclidean supergravity theory. This is the general solution to the bosonic equations of motion (3.3)-(3.7), expressed as a perturbative expansion in a radial coordinate near the conformal boundary.
We take the form of the metric to be [42] 
The AdS radius ℓ = 1, and in turn we have the expansion
Here g 0 ij = g ij is the boundary metric induced on the conformal boundary M 3 at z = 0. It is convenient to introduce the inner product α, β between two p-forms α, β via 17) where vol denotes the volume form, with associated Hodge duality operator * . The volume form for the four-dimensional bulk metric (3.15) is
The determinant may then be expanded in a series in z, around that for g 0 , as follows
Here we have denoted
and indices are always raised with g 0 .
The remaining bosonic fields are likewise expanded as follows:
21)
A I = A I + za I 1 + z 2 a I 2 + o(z 2 ) ,(3.
22)
We have chosen a gauge in which all dz terms in the gauge field expansions are set to zero.
We now substitute the above expansions into the equations of motion (3.3)-(3.7) and solve them order by order in the radial coordinate z in terms of the boundary
For the Einstein equation (3.7) we will need the Ricci tensor of the metric (3.15):
Tr g −1 ∂ z g 2 , (3.24)
25)
where ∇ is the covariant derivative for g.
Examining first the axion equation (3.4) gives at the first two orders 27) which can be solved by setting g = ± 1 √ 2
. These equations fix the gauging coupling in terms of the AdS 4 length scale, which we have set to unity. At even higher order we find
Moving on to the dilaton equation (3.3) we find 29) which are again solved by g = ± 1 √ 2 together with
Next the A I gauge field equation (3.5) yields
where the curvature is
Notice that a I 1 , and hence a I 2 , is partially undetermined. Similarly, the other gauge field equation (3.6) gives
The non-trivial information from the ij component of the Einstein equation (3.7), using (3.25), is
From this expression we immediately deduce that the trace of g 2 ij is
The zz component of the Einstein equation in (3.7), together with (3.24), determines the trace of the highest order component in the expansion of the bulk metric:
Holographic renormalization
Having solved the bulk equations of motion to the relevant order, we are now in a position to holographically renormalize the Euclidean N = 4 gauged supergravity theory. The bulk action (3.2) is divergent for an asymptotically locally hyperbolic solution, but can be rendered finite by the addition of appropriate local counterterms.
We begin by taking the trace of the Einstein equation (3.7). Substituting the result into the Euclidean action (3.2) with g = ± 1 √ 2
, we arrive at the bulk on-shell action
Here Y 4 is the bulk four-manifold, with boundary ∂Y 4 = M 3 . In order to obtain the equations of motion (3.3)-(3.7) from the original bulk action (3.2) on a manifold with boundary, one has to add the Gibbons-Hawking-York term
Here more precisely one cuts Y 4 off at some finite radial distance, or equivalently nonzero z > 0, and (M 3 , h) is the resulting three-manifold boundary, with trace of the second fundamental form being K. Recall from (3.15) that h ij = 1 z 2 g ij . The combined action I o-s + I GHY suffers from divergences as the conformal boundary is approached. To remove these divergences we use the standard method of holographic renormalization [43] [44] [45] . Namely, we introduce a small cut-off z = δ > 0, and expand all fields via the Fefferman-Graham expansion of section 3.2 to identify the divergences. These may be cancelled by adding local boundary counterterms. We find
As is standard, we have written the counterterm action (3.38) covariantly in terms of the induced metric h ij on M 3 = ∂Y 4 . The total renormalized action is then
which by construction is finite.
The choice of counterterms (3.38) defines a particular renormalization scheme. For this theory there are other local, gauge invariant counterterms that one can construct from the boundary fields, that have non-zero (and finite) limits as δ → 0. It is straightforward to check that there are no such finite counterterms constructed without using the scalar fields; but including the latter we may write down finite counterterms proportional to the boundary integrals of ϕ 3 , (X −1) 3 , ϕR(h), etc. There are also local but non-gauge invariant terms that one might consider. For example, boundary ChernSimons terms for the SU(2) gauge fields, and the boundary gravitational Chern-Simons term. However, such terms would change the gauge invariance of the theory, and we shall hence not consider them further. 7 In principle we should use a supersymmetric holographic renormalization scheme, but in the absence of a prescription for this we shall use the minimal scheme with counterterms (3.38) in the remainder of the paper, c.f. the discussion in [46] [47] [48] [49] . In any case, for the topological twist boundary condition the boundary values ϕ 1 , X 1 of ϕ and X will be zero, and the above-mentioned finite gauge invariant counterterms are all zero.
Given the renormalized action we may compute the following vacuum expectation values (VEVs):
,
Here, as usual in AdS/CFT, the boundary fields g ij , X 1 , ϕ 1 , A I i andÂ I i act as sources for operators, and the expressions in (3.40) compute the VEVs of these operators. Using the above holographic renormalization we may write (3.40) as the following limits:
Here K ij is the second fundamental form of the cut-off hypersurface (M 3 , h ij ), and * h denotes the Hodge duality operator for the metric h ij . A computation then gives the finite expressions
44)
Notice that each of these expressions contain terms that are not determined, in terms of boundary data, by the Fefferman-Graham expansion of the bosonic equations of motion. In particular the g 3 ij term in the stress-energy tensor T ij , the scalars X 2 , ϕ 2 that determine respectively Ξ, Σ, and a 47) which is consistent with the fact that there is no conformal anomaly in three-dimensional SCFTs.
Supersymmetric solutions
In this section we study supersymmetric solutions to the Euclidean N = 4 supergravity theory. We begin in section 4.1 by deriving the Killing spinor equations on the conformal boundary from the bulk supersymmetry equations, and then compare them to the component form equations of off-shell three-dimensional N = 4 conformal supergravity. In section 4.2 we describe how the topological twist arises as a special solution to these Killing spinor equations, that exists on any Riemannian three-manifold (M 3 , g). Finally, in section 4.3 we expand solutions to the bulk spinor equations in a
Fefferman-Graham-like expansion.
Boundary spinor equations
We begin by introducing the charge conjugation matrix C for the Euclidean spacetime Clifford algebra. By definition Γ * µ = C −1 Γ µ C , and one may choose Hermitian genera-
We may then define spinors in Euclidean signature to satisfy the symplectic-Majorana condition
with Ω = σ 3 ⊗ iσ 2 . It is straightforward to check that whenÂ I = 0, and provided the axion ϕ is purely imaginary with all other bosonic fields being real, the supersymmetry variations (3.10), (3.11) are compatible with this symplectic-Majorana condition. We will be interested in solutions that satisfy these reality conditions, and henceforth work in the truncation of the bulk supergravity theory for which the triplet of SU(2) gauge fieldsÂ I µ is set to zero. For completeness we record here the truncated bulk supersymmetry conditions:
We next expand the bulk Killing spinor equations (4.2), (4.3) to leading order near the conformal boundary at z = 0. We will consequently need the Fefferman-Graham expansion of an orthonormal frame for the metric (3.15), (3.16) , together with the associated spin connection. The following is a choice of frame E µ µ for the metric (3.15):
where e i i is a frame for the z-dependent metric g. The latter then has the expansion (3.16), but for the present subsection we shall only need that at this order are correspondingly
where ω jk i denotes the boundary spin connection.
We take as the generators of the Clifford algebra the following
so that
where σī the usual Pauli matrices. The bulk Killing spinor is then expanded as 
with the upper/lower signs corresponding to taking g = ± 1 √ 2
. We can then satisfy this equation by taking ε a to have a definite chirality under Γz and ξ a to have the opposite chirality. Recall that there is a Z 2 symmetry of the action, equations of motion, and supersymmetry equations, that sends g → −g,
without loss of generality we set g = − 1 √ 2 from now on, so that ε a has positive Γz chirality and ξ a negative chirality, and we write them as
The leading order term in the i-component of the gravitino equation is then seen to be identically satisfied. The next order gives the boundary Killing spinor equation
(4.13)
, where the covariant derivative is with respect to the Levi-Civita spin connection of the boundary metric g 0 ij = g ij , and σ i = σ¯i e¯i i , so that {σ i , σ j } = 2g ij . Note that after redefining the conformal spinor parameter such that
(4.14)
This is the equation which results from setting to zero the gravitino supersymmetry variation of off-shell 3d N = 4 conformal supergravity [50] .
Turning to the bulk dilatino equation (4.3), the leading order term is equivalent to the chirality property of ε a . At the next order we obtain two conditions, corresponding to the left and right-handed components
After the redefinition of the conformal spinor parameter and Hodge dualising one term these read
These equations are not equivalent, and matching them to the single algebraic condition arising from setting a three-dimensional dilatino variation to zero is not therefore entirely straightforward. The Weyl multiplet of off-shell N = 4 conformal supergravity contains two auxiliary scalar fields S 1 , S 2 of Weyl weight 1 and 2 respectively, and generically six gauge fields. The vanishing of the dilatino supersymmetry transformation [50] when one triplet of gauge fields is turned off is, schematically,
Clearly (4.17) is of this form once we identify
However, (4.18) does not match so neatly as * a I 1 is not a field strength. Moreover, our spinor expansion should recover a single equation, and so it is perhaps some linear combination of (4.17) and (4.18) that reproduces (4.19) . In any case, it is not clear that the leading order dilatino equation should match this particular off-shell formulation of N = 4 conformal supergravity.
Topological twist
Recall that the boundary Killing spinor equation (4.13) written in full is
To solve this equation with a topological twist, we begin by setting the boundary scalar ϕ 1 and conformal spinor parameter ξ a R to zero. We then identify the boundary SU(2) gauge field with the spin connection as follows
The constant spinor which solves the Killing spinor equation is then
where w is any complex number and
It is useful to note that the 't Hooft symbol action on ε a L may be exchanged for the Pauli matrix action:
We have solved the leading order KSE. Turning to the algebraic spinor equations we note that, in general, the conformal spinor parameter ξ a R can be solved for by taking the σ i trace of the KSE (4.13). Substituting this generic expression for ξ a R into (4.15) and rescaling by √ 2 leads to
with R = R(g) the boundary Ricci scalar. Specialising to the field configuration which solves the boundary KSE above, this simplifies to
and therefore fixes
The other algebraic relation (4.16) now reads
Here recall that a I 1 is (proportional to) the VEV of the remaining SU(2) R current. One can use (4.24) to swap the 't Hooft symbol for a Pauli matrix, plus the usual relation σīσj = δ ij + iǫ ijk σk .
(4.29)
The resulting equation takes the algebraic form 
Note here the trace over frame indices and SU(2) R indices in the expression for ϕ 2 :
this makes sense globally, since the topological twist identifies the gauge bundle with the spin bundle. Having identified indices we may view (a I 1 )¯i as a two-tensor.
Supersymmetric expansion
In this section we continue to expand the bulk spinor equations to higher order in z. From this we extract further information about some of the fields which are not fixed, in terms of boundary data, by the bosonic equations of motion. We will continue to use the boundary conditions appropriate to the topological twist. The frame, spin connection and spinor expansions beyond the leading order given in section 4.1 will be needed, so we first give details of these. The frame expansion is
where in particular e i i is a frame for the boundary metric and we have used a local SO(3) rotation to gauge fix the order z 2 term. The additional spin connection components we will need are
The bulk spinor then has the following expansion
where ε a are constant with positive chirality under Γz.
The remaining orders of the bulk dilatino equation give us
where
The remaining gravitino expansions give
From the topological twist condition (4.21) the boundary gauge field strength is
Substituting this and the expressions for X 2 , a 
We also find that equation (4.39) 
We will not solve (4.42) as knowledge of a 
By taking the real part we can extract the remaining term in the Fefferman-Graham expansion of the bulk metric
Metric independence
Our aim in this short section is to show that, for any supersymmetric asymptotically locally hyperbolic solution to the Euclidean N = 4 supergravity theory, with the topologically twisted boundary conditions on an arbitrary Riemannian three-manifold (M 3 , g), the variation with respect to the arbitrary boundary metric of the holographically renormalized action is identically zero.
An arbitrary deformation of the renormalized action can be written as
For the topological twist we set ϕ 1 = 0 and A
jk ω i jk , together with truncating the bulk SU(2) tripletÂ I = 0. At this point we have not chosen a value for the freely specifiable boundary field X 1 which, recall, has Weyl weight 1. In order for δX 1 to be relatable to δg ij , X 1 must be a scalar function built from the boundary curvature tensors, R ijkl , R ij and R. However, from these tensors we cannot construct a Weyl weight 1 object. Consequently we choose to set X 1 = 0 as part of the topological twist boundary conditions.
To evaluate δA I i we require the variation of the boundary spin connection in terms of the boundary metric:
Thus
Therefore the variation of the action for the topological twist boundary conditions reduces to
where we have introduced vol 3 ≡ √ det g d 3 x. Dropping the total derivative, which is zero for the closed three-manifolds we are considering, and inserting the expressions for the stress-energy tensor and SU(2) current from (3.42) and (3.45) gives δS = 1 4κ
where the effective stress-energy tensor is
Note that because we have identified spacetime and R-symmetry indices, the covariant derivative in T ij acts on both the I and i indices of (a 
Expanding the field strengths we have
Here covariant derivatives of (a We close this section by commenting on more precisely when the derivation in this section holds, and in particular when the formula (5.1) holds. The latter computes the variation δS of the on-shell action. A variation of the boundary fields induces a corresponding variation of the bulk fields. Since the background solution that we are varying about solves the bulk equations of motion, crucially the bulk contribution to the resulting variation of the on-shell action is zero (by definition, this bulk integrand multiplies the bulk equations of motion). Thus δS is necessarily a boundary term, and for smooth saddle point solutions dual to the vacuum, one expects the only boundary to be the conformal boundary ∂Y 4 = M 3 . Equation (5.1) is the resulting boundary expression. However, this computation would also hold if the bulk solution is singular, or has internal boundaries, provided these do not contribute a corresponding surface term in the interior, in addition to (5.1). The internal boundary conditions for fields are clearly then relevant, but if one is going to allow internal singularities/boundaries of this type in a putative saddle point, the absence of these additional surface terms is a fairly clear constraint.
Geometric reformulation
In this section we first reformulate the bulk supersymmetry conditions (4.2), (4.3) in terms of a local identity structure. We then use this structure in section 6.2 to determine the renormalized on-shell action for any smooth filling with topological twist boundary conditions.
Twisted identity structure
Recall that the bulk spinor is originally a quadruplet of Dirac spinors, and we halved the number of degrees of freedom by requiring that it solve the symplectic-Majorana condition (4.1). Therefore, the quadruplet of spinors has the form if it is zero. However, we may instead act with Γ 5 on the R-symmetry indices of the spinor and require
This condition is compatible with the gravitino and dilatino equations (4.2) and (4.3), since Γ 5 commutes with the self-dual 't Hooft symbols. Projecting onto the subspaces with positive or negative "internal chirality" in (6.2) further reduces the bulk spinor to
Using the single Dirac spinor ζ, we may define the following (local) differential forms
where a bar denotes Hermitian conjugation. Globally, the full bulk spinor is a section of Spin(Y 4 ) ⊗ E, where E is a real rank 4 vector bundle associated to the principal SU(2) R bundle. By considering the change between local trivializations of the spinor under the SU(2) R ⊂ Spin(4), one can check that S and P are global smooth functions. Moreover, K is a global one-form on
where V is the rank 3 vector bundle associated to the
In order to have a globally well-defined bulk spinor ǫ a , we have to lift the SO(3) R bundle acting on V to an SU(2) R bundle acting on E. Moreover, we should define the spinor in the first space, thus lifting the orthonormal frame bundle of the tangent bundle to a Spin(4) frame bundle. In both cases, the obstruction to the lifting is the second Stiefel-Whitney class of the real vector bundles, that is,
However, because the full bulk spinor is a section of Spin(Y 4 ) ⊗ E, we only need 5) in order for the tensor product of the "virtual" bundles to be defined. We say that the bulk spinor is a Spin SU (2) spinor, as originally introduced in [51] . This is a nonAbelian generalization of the perhaps more familiar Spin c spinors that are required, for instance, in Seiberg-Witten theory.
Geometrically, a single Dirac spinor in four dimensions defines a local identity structure on the four-manifold, or equivalently a local orthonormal frame. In order to construct it, we split the bulk spinor into its components with positive and negative chirality under Γ 5 , ζ = ζ + + ζ − , and define
where S ± ≡ ζ ± ζ ± . Then an orthonormal frame can be defined by
and we choose the orientation induced by the volume form E 4123 . We also define the function θ by
We may then re-express the local differential forms above in terms of the frame as
This canonical frame degenerates at θ = 0, π, where the spinor has positive/negative chirality, and also when S = 0, where the spinor vanishes. The subset of Y 4 with these points excluded will be denoted Y
4 . From the global considerations above it then follows that E 4 is a global one-form on Y
4 , and E I are sections of Ω 1 (Y
4 ) ⊗ V . Therefore, the E I rotate into each other in the fundamental representation of SO(3) R between local trivializations, and the orthonormal frame is not in general global.
Starting with the bulk Killing spinor equations (4.2) and (4.3), we may find a set of Killing spinor equations for ζ. Choosing negative internal chirality in (6.2), they read
From these equations, one can use standard spinor bilinear manipulations to obtain differential conditions for the frame and the fields:
14)
Here the covariant derivative acting on
We may in particular combine these equations to obtain an expression for ϕ:
where α ∈ iR, and we have used that everything in this last equation is globally defined to integrate, assuming that Y 4 is path-connected.
The system of equations (6.12)-(6.16) is in fact necessary and sufficient to have a supersymmetric solution to the bulk equations of motion. There are several steps involved in showing this. Firstly, we note that for a Dirac spinor ζ the set {ζ, ζ c , Γ µ ζ Γ µ ζ c } spans the spinor space. Thus contracting the dilatino equation (6.11) with the Hermitian conjugate of each element of this set gives a collection of equations which are equivalent to the dilatino equation. In turn, these equations can be shown to be equivalent to (6.15) and (6.16) . On the other hand, since we have a (local) identity structure, the intrinsic torsion is determined by the exterior derivatives in (6.12)-(6.14). It follows that (6.12)-(6.16) are equivalent to the Killing spinor equations. One next considers the truncated integrability conditions derived from (3.13) and (3.14) . From these it is straightforward to show that the Killing spinor equations imply the equations of motion, while the Bianchi identity for F I has to be imposed additionally. In particular the proof of this uses the fact that the bulk spinor ζ is Dirac. The upshot is that the complete system of equations to solve is given by the first order differential system (6.12)-(6.16).
It is interesting, especially in light of the computation of the on-shell action in the next section, to consider the expansion of the bilinear equation near the boundary.
Using the Fefferman-Graham coordinate z, the bulk spinor ζ has the expansion
where χ is a constant 2-component spinor given by 19) with c ∈ R (compare with (4.22) with c = −w). Without loss of generality, we may set c = 1 in the following, and the norm of the spinor takes the form
We also find
The vanishing of ϕ 1 allows us to fix the constant α in (6.17): expanding the latter equation leads to ϕ 1 = α/2, so under the assumption of the topological twist, α = 0.
In a neighbourhood of the conformal boundary, the bulk frame has the form
Near the boundary, the leading order of the equations (6.12)-(6.16) is trivial apart from (6.14), which corresponds to the condition that e I satisfy the first Cartan's structural
Here the spin connection ω I J arises from the topological twist boundary condition for the gauge field (4.21). In some sense (6.23) is a redundant equation, simply stating that the frame defined by supersymmetry is compatible with the boundary metric. As in the AdS 5 /CFT 4 example, the bulk differental equations are tautological on the boundary, where they simply define a (twisted) frame for the three-manifold M 3 . The analogous statement in AdS 5 /CFT 4 is that the bulk differential system at the boundary defines a quaternionic Kähler structure on the supersymmetric background, which one can construct on any four-manifold [4] .
On-shell action
Thanks to these results, we can now greatly simplify the expression for the on-shell action. We start with the expression (3.36) and setF I = 0, obtaining
Then, using (3.3) and (3.4), we may exchange the gauge field contribution for an exact term
Notice that, using the equations for the orthonormal frame and (6.17), we can write 26) and this, using the expression (6.17) for ϕ, is exactly (modulo a numerical factor) the potential term in the on-shell action (6.25) . Therefore, the on-shell action is exact
The global arguments discussed above imply that the four-form in the action
is globally well-defined on Y
4 . In what follows we assume that the subset of Y 4 where the spinor becomes chiral or zero is measure zero. As in section 3.3, we cut off the bulk Y 4 at some small radius z = δ > 0, so that ∂Y 4 = M δ ≡ {z = δ} ∼ = M 3 . Using Stokes' theorem, we may then write the on-shell action as integrals over the conformal boundary M 3 ∼ = M δ , and over the boundaries T ǫ of the small tubular neighbourhoods of radius ǫ > 0 surrounding the subsets
where the frame degenerates. Let us consider first the contribution from the conformal boundary: using the expansion of the spinor (6.18) and of the fields (6.21), it is easy to show that near the conformal
To this we should add the contributions from the Gibbons-Hawking-York term (3.37) and the counterterms (3.38), which in a neighbourhood of the boundary are
30)
Once we take into account the change in sign of the on-shell terms, due to the orientation of the bulk compared to the orientation of the boundary, the contribution to the renormalized action from the conformal boundary is zero in the limit δ → 0.
Therefore, the renormalized gravitational action only receives contributions from the subsets where the frame degenerates: 32) where the limit collapses the small neighbourhood around the degeneration locus. However, this gives zero for a smooth solution. That is, a supergravity solution with a smooth metric and smooth bosonic fields. Clearly the last two forms in Υ, which only involve X, ϕ, are well-defined if the bosonic fields are smooth. In particular since X = e Secondly, consider the subset where the spinor is vanishing. One might worry that K is not well-defined here, as S = 0. However, note that we may write
Using (6.12) we then in turn have
We may thus use ρ > 0 as a radial coordinate near to the where the spinor vanishes at ρ = 0, and more precisely define T ǫ = {ρ = ǫ > 0}. It follows that X −1 * K is the product of a bounded function X −1 sin θ (as long as X > 0 is smooth), and the volume form E 4 vol 4 induced on T ǫ from the four-dimensional bulk metric. The integral hence vanishes in the limit ǫ → 0, where the volume of the tubular neighbourhood T ǫ vanishes.
We conclude that the renormalized action for any smooth supergravity solution is zero. In particular, we have made no assumptions at all here on the topology of M 3 , or of its path-connected filling Y 4 with ∂Y 4 = M 3 .
Revisiting topological AdS
Inspired by the evaluation of the on-shell action in the previous section, here we revisit the 5d/4d correspondence of [4] . After some brief background in section 7.1 recalling the work in [4] , we show in section 7.2 that smooth supersymmetric five-dimensional bulk gravity fillings likewise have zero action. Note that this section is entirely independent of the rest of the paper, despite sharing considerable overlap in notation. We trust this will not cause confusion.
Background
In [4] we defined a holographic dual to the Donaldson-Witten topological twist of N = 2 gauge theories on a Riemannian four-manifold (M 4 , g). The duals are described by a class of asymptotically locally hyperbolic solutions to (Euclidean) N = 4 + gauged supergravity in five dimensions. Working in a truncation where a certain doublet of two-forms are set to zero, and with appropriate boundary conditions, we showed that the holographically renormalized on-shell action is independent of the boundary metric.
The action for the truncated Euclidean N = 4 + gauged supergravity is
Here R = R(G) denotes the Ricci scalar of the five-dimensional metric G µν , * is the Hodge duality operator acting on forms and F = dA,
equations of motion which follow from this action are:
The five-dimensional charge conjugate condition is defined by ζ c ≡ C ζ * . From this single spinor we may define the following (local) differential forms
8 For details of the metric expansion we refer the reader to [4] .
which together constitute a twisted Sp(1) structure. Using the supersymmetry equa
and the gravity solution is smooth. In summary, the on-shell action is globally exact and we may use Stokes' theorem to conclude
Here there are two types of boundary in ∂Y
5 : firstly ∂Y 5 ∼ = M 4 is the UV conformal boundary, and as in the previous section there is also the boundary of a tubular neighbourhood T ǫ around the locus where ζ = 0.
The above on-shell action must be supplemented by the standard Gibbons-HawkingYork term at the UV boundary, I GHY as in section 3.3. In addition, the divergences may be cancelled by adding local boundary counterterms. The divergences identified by expanding (7.11) and I GHY are cancelled by adding
Here the integral is over the UV boundary ∂Y 5 ∼ = M 4 of Y 5 . As the on-shell actions given by (7.11) and (7.15) are equivalent, I ct must also cancel divergences arising from the latter when supplemented by the common Gibbons-Hawking-York term. The total renormalized action is then
where δ is a cut-off for the radial coordinate z.
In order to calculate the UV contribution to S ren of the term
we require the Fefferman-Graham-like expansion of the spinor ζ to one more order in z than given in [4] . Continuing the line of reasoning there (and in section 4.3) we eventually compute 
The last line, seemingly, cannot be written in terms of the lowest order constant spinor χ, whose norm is one, however it will not play a part. From this expansion and the definition of the bilinears in (7.8) we determine
Here we have restricted the two-forms to the boundary at constant z = δ. On forming the exterior product there are several simplifications, in particular the anti-symmetric indices of da 2 and Da
That this also contributes zero may now be argued in exactly the same way as at the end of section 6.2, using equation (7.9).
We conclude that the renormalized action for any smooth supergravity solution is zero. In particular, since Y 5 is assumed to have boundary ∂Y 5 = M 4 , together with the topological constraint mentioned after equation (7.20) one necessarily has Euler number and signature of M 4 equal to zero: χ(M 4 ) = 0 = σ(M 4 ). Apart from this, no other topological assumption is made about M 4 or its filling in the above computation.
Discussion
In this paper we have defined and studied a holographic dual to the topological twist of N = 4 gauge theories on Riemannian three-manifolds and verified that the renormalized gravitational free energy is independent of the boundary three-metric, thus
providing an additional construction of topological AdS/CFT beyond [4] . We have also reformulated the bulk supersymmetry equations in terms of a twisted identity structure, and used this structure to prove that the gravitational free energy of all smooth bulk fillings, irrespective of their topology, is zero. Let us again emphasize that the latter result does not make the former result of section 5 redundant: the computation of the variation of the gravitational free energy holds for smooth solutions, but a priori it is more general. Metric-independence will still hold for singular solutions, provided the additional surface terms around the singularities are zero. In fact if one allows singular saddle point solutions at all, this should be a clear constraint. In addition we have revisited the AdS 5 /CFT 4 correspondence and similarly showed that smooth fillings there also have zero gravitational free energy. The results presented here and in [4] raise a number of interesting questions and directions for future research.
In general the classical supergravity limit of the AdS/CFT correspondence identifies
Here on the right hand side we have the least action solution to the given filling problem in the bulk supergravity, while the left hand side is understood to be the leading term in the corresponding strong coupling (typically large rank N) limit of the QFT partition function. For example, uplifting the four-dimensional N = 4 gauged supergravity solutions to M-theory on S 7 /Z k leads to the effective four-dimensional Newton constant in (2.4), which scales as N 3/2 . The latter multiplies the holographically renormalized on-shell action S ren on the right hand side of (8.1). On the other hand, in this paper we have shown that this gravitational free energy is always zero, for any smooth supergravity filling of any conformal boundary three-manifold M 3 . We have already noted that every oriented three-manifold is spin, but another important topological fact is that every such three-manifold bounds a smooth four-manifold (which may be taken to be spin). There is thus no topological obstruction to finding such a bulk filling of M 3 . Of course, an important assumption here is that there exist smooth fillings that solve the supergravity equations, with prescribed conformal boundary (M 3 , g).
We have recast the supergravity equations as the first order differential system (6.12)-(6.16), and thus existence and uniqueness theorems for solutions to these equations will play an important role. Given that such solutions are supersymmetric and are dual to a topologically twisted theory, one naturally expects better behaviour than the non-supersymmetric Einstein filling problem, typically studied by mathematicians. In any case, assuming that such smooth fillings are the dominant saddle points in (8.1), the results of this paper imply that the large N limit of the topologically twisted ABJM partition function is o(N 3/2 ), for any three-manifold M 3 . This should be contrasted with the non-twisted partition function on (for example) S 3 , where both sides of (8.1) agree and equal π √ 2k 3 N 3/2 in the large N limit [52] . It thus remains an interesting open problem to compute the large N limit of the topologically twisted ABJM theory, on a three-manifold M 3 , and compare with our holographic result. Moreover, if the leading classical saddle point indeed contributes zero, the next obvious step is to try to compute the subleading term, as a correction to the supergravity limit. Since by construction everything is a topological invariant, this may well be possible.
Similar remarks apply to the Donaldson-Witten twist studied holographically in [4] . Here the bulk five-dimensional N = 4 + gauged supergravity solutions uplift on S 5 to solutions of type IIB supergravity, where now the five-dimensional Newton constant is given by saddle point solution is indeed smooth.
On the other hand, the Donaldson-Witten twisted partition function has been computed, for general rank gauge group G = SU(N), on M 4 = K3 in [53, 54] . This follows from the fact that on the hyperKähler K3 manifold the Donaldson-Witten and VafaWitten twists are equivalent (and in fact equivalent to the untwisted theory). However, |σ(K3)| = 16 and a smooth filling by Y 5 does not exist in this case, so there is no obvious classical gravity solution to compare to. Nevertheless, the partition function is (for N prime) [53, 54] Z(K3) = 1 More generally, there are a wide variety of possible topologically twisted theories in diverse spacetime dimensions. One could ask if zero action/gravitational free energy for smooth supergravity solutions dual to TQFTs is a general property. Perhaps this is specific to cases in which the preserved supercharge Q in the TQFT satisfies Q 2 = 0, which is generally not the case. The apparent simplicity of our results suggests there should be a more elegant way to set up the holographic problem. Recall that in field theory, invariance of the TQFT partition function with respect to metric deformations crucially relies on the stress-energy tensor being Q-exact. We have shown the corresponding result holographically, but in a less direct manner. It is natural to conjecture that a topological sector of gauged supergravities, in this holographic setting, may be similarly described using a boundary BRST symmetry [55] [56] [57] [58] [59] .
